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Vanishing of special values and central derivatives
in Hida families

MATTEO LONGO AND STEFANO VIGNI

Abstract. The theme of this work is the study of the Nekovář-Selmer groupeH1f (K , T†) attached to a twisted Hida family T† of Galois representations and a
quadratic number field K . The results that we obtain have the following shape:
if a twisted L-function of a suitable modular form in the Hida family has order
of vanishing r  1 at the central critical point then the rank of eH1f (K , T†) as a
module over a certain local Hida-Hecke algebra is equal to r . Under the above
assumption, we also show that infinitely many twisted L-functions of modular
forms in the Hida family have the same order of vanishing at the central critical
point. Our theorems extend to more general arithmetic situations results obtained
by Howard when K is an imaginary quadratic field and all the primes dividing
the tame level of the Hida family split in K .
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1. Introduction

Fix an integer N � 1, a prime number p - 6N�(N ) and an ordinary p-stabilized
newform

f =
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of weight k � 2 (where ! is the Teichmüller character and j ⌘ k (mod 2))
whose associated mod p Galois representation is absolutely irreducible and p-
distinguished (see [21, page 297]). Let F := Qp(an | n � 1) be the finite ex-
tension of Qp generated by the Fourier coefficients of f and let OF denote its ring
of integers. WriteR for the branch of the Hida family where f lives (see [21, Sec-
tion 5.3]); then R is a complete local Nötherian domain, finite and flat over the
Iwasawa algebra 3 := OF [[1+ pZp]], and the Hida family we are considering can
be viewed as a formal power series f1 2 R[[q]].
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